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Introduction

It is customary to represent a particle beam (moving in the
z-direction) as a B8-dimensional ellipsoid in phase space. If

this ellipscid is projected into 2 twodimensional subspace (x, x’)

(ngé) the result is an ellipse in this phase space (x, x'} with
area ™ * €. Different representations for this heam ellipse are

listed. Some interesting properties of so called binomial phase-
space distributions are given. For emittance measurements it is
proposed to plot 1n(p) versus emittance, where p is the fraction

of particles outside a given emittance.

I. Courant-Snyder representation' (o, B, Y, €]

The ellipse is characterized with the Twiss parameter o, B, ¥y
and the emittance parameter e (area = m.¢). The ellipse

gguation is

YxZ2 + Zaxx' + Bx'Z = ¢ (Courant-Snyder) (1]

The Twiss parameters o, B, y are correlated:

BY - ¥ = 1 (2)
1
@ =568 (3)
The dimensions are: [a] = 1
[8] = m always positive
[v] = m always positive

Sign of a: for a divergent beam (as in figure 1) o is negative.

Transformation of the Twiss parameters through an arbitrary

beam transfer section:

(4)

X £ _mf *i
X xi
where M is the transfer matrix between initial point 1 and

final peoint f:
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_fm m
Moo= 11 12
M2 1 my 2
B -a B -«
= M mt
- -0 .
Yfr Y 3
which can bhe written as:
2
B my1 -Z2m1i My myz 85
Cp = “mgiMyy 1+2myomay “MigzMz2 G4
2 2
YF Mz 1 ~2mp My ms 2 Y1

{6)

A related parameter is the so called phase advance angle U

- dz
L B(2)

II. Parametric representation (xg, 6m, X

The ellipse is cheracterized with the three parameters

Xm = maximum value of x
8m = maximum value of x'
X = correlation phase for orientation of ellipse

For a divergent beam (as in fig. 1) x is positive

The cornection with the notation rq, of TRANSPORT? is:

sin ¥ I r47

A point on the ellipse is given hy

X = Xp cosé

X
1

O sin (&+x)

where 6§ 1s a running pearameter between 0O and 2m. The

of the ellipse is me with

€71

(B8)

areg
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em cosy {(9)

The meaning of the ellipse parameters is best i1llustrated with
2, 4 on the

Points 1 and 3 as well as points 2 and 4 are conjugate

the coordinates of the four specific points 1, 3,

ellipse.
i.e.

pairs, the tangent at point i is parallel to line 0-3, the

targent at point 4 is parallel to line 0-2Z2. Neotice the nice

symmetry of the coecrdinates in the parametric representation.

The slope cof the envellope xm(z) iz given by x!

2
7 dx
AX= 55
2
&
2
X
-
/ A
'1.
Figure 1
Parametric Courant-Snyder
tan = .2(..2.., =.>£_?Lw_“a< a:_l(..g,’:..ﬁ. /5:__7_?1
xo= Xq.' XIM - Xq,' X1 K“g‘
!
_ X
peint , ¢ X x' P x' *"’%
t
= XX
1) "'x chosx 0 F 0 <(‘_.« xﬂ.lf
Y — EXQ.X-‘?
4 0 i —a 1=
) X, 8 siny 3 ajB
0. . E
3)809%-x | =z siny 0. ’af;1 VEY !
4) 90° 0 BLcosX 0 J%;
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The connection between the two representetions is:

2
Xm = fSB. B = 2m . - Xm
8, cosy €
— 6 ] 2
em = €Y Y z e = ~m_ [’]D}
XmCosY £
y = -tan 'a a = -tany
(rq2Zsiny = e
VBY
parametric Courant-Snyder

emittance is incorporated Parameters define only shape of
in parameters. Zero ellipse, emittance is extra parame-
emittance gives no pro- ter. Singularity for & = 0.

blem (x = = 90°)
Cumbersome to plot ellipse:

Ellipse easy to plot with for each position x a guadratic

angle § as continous para- equation gives x! Points are not

meter. evenly distributed elong ellipse.
This representation is nice transformation properties of
easily extended toc more Twiss parameters o, B, v (see =2g. §)

than two dimensions with
cerrelations X1 3 between

xi and X5

Transformation through

o6, B, ¥

Representation of ellipse with complex number Y

The emittance areame is a free parameter. Twc more paerameters
( = one complex number) are thus needed for the shape of the

ellipse.
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In a drift we have:

Xq = X%, = const. = amplitude at waist

x3' = 8, = const. = maximum divergence

Define therefore:

R = il, - 1. o cos ¥ = ratio of main axis at waist
X3 Y &m
(11)
- X3 _ a X ' ~ . . s
8§z =2, = -==2Dgin y = distance of beam from waist position
X3 Y O

This form of R and S suggests a complex numterss 4

Y = R+ i§ = %ﬂ gl [dimensions = m] (12)

The transformation of Y over a drift length £ is given by:

Re = Ry ; Sf = 51 + & ar

A S

Y Ye = Yi o+ ig | (13)

i Q Figure 2

The inverse of Y has also interesting properties:

Yo+ iV = %m g 1X [dimension5=m_1]
m

Y_q

U:-@mDDSX &

Xm Xa
0 . Xo'
Vo o=- gin yx = -

A thin lens of focal powsr K = % acts like a drift in the

x'~direction:
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X4 = const.
Xz = const. = xp
’
Xof = Xaj ~ Kxag
which leads to Ug = U; = const.
Vg = Vi + K or
- -1
Y_F1 = Yy + 1K = transformation (16]

IV,

A succession of dirifts and thin

transformation properties.

through thin lens

Representation in Program TRANSPORT

eliipse equation:

or explicitly Gzzxz

with

Q
]
m
1
Q w
1
- @
o S
H

011 % R = Xm

2
O22 = €Y = 0
o112 T TEU =

Xm Oy sin ¥

Ci2

J22

C22

“012

= 201 axx" + 01, x'? = ¢

“Cr2
011

e tan y

lenses has therefore simple

(173

(18)
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(ry, = siny = 912 )
Y011 Ja2
det (g} = 52

With a transfer matrix R the o-matrix transfers as follows:

32.1:' = R;i [19]

(20)

Transtrmation of ellipse parameters in drift space

We assume that the beam has a waist at position Z,, with a
minimum amplitude x.
The distance from the waist was defined in (11) as

§ = 7Z-7, = Ei_ (positive for divergent beam)
3'

This is the same definition as in the CERN report®, but has

the opposite sign as the notation in the TRANSPORT - report?.

The beam ellipse transforms in a drift as follows:

parametric;
8n = x3' = const.

2 2 2 2
Xm = Xy * B, (Z-Zy) = envellope equation = hyperbola
tan x = Sm {(z-2,,) = 2 2w (or cosy = 2u)

Xw [P Xm (21)

v 2 83X . 8 z . - * L RUSINTS %ﬂNKQﬁi

X' = g7 %, cos ¥ (-_ /2(2)) A = plastad s J@w usl,
y = Oxpo ' : =

xm' 2 220 = x, fmsinx = slope of envellope
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Complex representation Y = R + i§

As seen in {13) we have

R = const. = B, = 2u
Om (22)
s = 2-7,,
Courant-Snyder
Y = const.
2
= Bi 7 201 (Z-Z3) *+ vy (Z-Z3) (23)
o = aj - vy (Z-Z3)
or with B = B, at waist:
2
B = By + — (Z-7y) = Xw
Bw 3
1 w (24)
= — (z-Z
o ™ (z-2,,)
BT = ~2a

The egquation for B shows an easy interpretation of By:
At a distance By from the waist (Z = Z,, + B,) the parameter B8
has doubled to 2 By. Therefore the beam amplitude x, has increased

from x,, to Yﬁ'xw, independent of e.

A X 2
X 1= X:;‘t 9,:(2{.//)

5

(2-Zw)

Figure 3

\
"
2 M
X
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The phase advance W is (assuming a waist et z=0 );

vIi.

Z Z
- dZ - S' dz .
WEOYETZY B JE 7 e
@] o W
u o= tan”] Z. - tan” ! g (25)
B R
= I
oo = 5 (26)
Normalized phase space coordinates
transformation of ellipse to circle of radius ¥e:
ellipse:
2 2
YX o+ Zo oxx' o+ Bx' = £
this can be written as
2 ( )2
L 1]
X ax + B8x e (27)

8

this suggests a coordinate transformation to new normalized

variables n, n':

_ X
n s —
B dimension of {28)
1
n' = L X o+ VE&' n, n' = rn'/2
Y&’
the gllipse squatior becomes now
2 .
n o+ n'z = g = pircle with radius {E’and {29)

area m * €
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VIT.

the transformation can alsc be written as:

n 1 0 X
iy = (50)
n' = T X!
/B
or in the parametric representation:
VE 0
n m X Bm cosy 0 % |
= B
n' . Il JE ' i
~9m51nx EE -6, siny b X
€ Ve

Definition of beam ellipse for arbitrary distribution of

particles

For an arbitrary distribution of particles it is important to
define exactly what we mean by beam ellipse. For this purpose

one works with the statistiecal parameters

X2 02 HX2?(X’X')dXdX'

IIX‘E?(X,X')dxdx' (32)

>
e
0
Q.
ny
]

et AL Jyxx'?(x,x')dxdx‘

where ?(X,X') i1s the particle density in phasespace (x,x')

with the normalisation

ﬁ?(x,x')dxdx' =1 (33)

(31)
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For a finite number N of "superparticles" we have the usual
definition
2

b4 = % (34)

et
H
-

b

and analogues for the other parameter,

It Is now useful to define as RMS (=roct mean square) beam
ellipse parameter ¥ms Oms X and e iIn the parametric representa-
tion:

X =z 20
m
e = 2 ot
m
. xx' _ Axx!
r‘lg_SlnX-—&“&T—xe (35)
m m
—— 2
€ = x_ 6 cosX = g4 Vx2% - ¥

The factor 2 in the definitions above is arbitrary36’7but has the
convenience that Xms em correspond exactly to the maximum values
of x, x' for an ellipse with uniform phase space density (see
appendix). The beam ellipse is then defined with the equations

¥ = x_ cos &
n

(00 g 8§ ¢ 27) (%6)

. .
x'= @ sin(d+x)

with the usual emittance T+e . With the above definition of ¢
about 86-88 % of the total beam are contained within this beamnm
ellipse for reasonably behaved beam profiles generally encounte-
red in practice. The Twiss parameter a,B,y have also simple

meanings8:
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X2 X'2 oy
B = — s ‘Y = — N o = —_—
E E B
(37)
— — 2
B2z ¥2. x'2 - xx! s (e = UE)

The RMS-parameter {35) are normally used in beam envellope cal-
culations involving space charge forces6’9 and X is simply

called the x-amplitude.

VIII.Determination of beam ellipse from 3 beam profiles in a drift

space

At & given point z the beam profile f (x) is obtained by
f{x) = fg(x,x')dx' (%8)

with the normalirzation from (33):

j flx)dx = 1 (39)

The amplitude X is defined by (32) and (35) as:

Xm2 = i fng'(x)dx (4o)

Lets suppose now that the beam amplitude (x) was measured at 3
positions z=z_, o, gz, along a drift space with the values x_,

Xy =X and X respectively. With this measurement the other

ellipse parameter @m and y (beside xm) can be determined at the

middle point z=o.
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L %
bheam
\\\“ r”//,f amnlitude
\\\\\\\\\‘ _-——_“—””,/'
i
X. XAXy | X
" | Xw *
i z .
i . > Figure 4
Z_ 3 z,
it
L_(>0) L, (>0)

4
i

The beam is supposed to have a waist at z=8. The following de-
termination of the ellipse parameter 1s only reliable, 1f this
walist is c¢lose +to the middle point z=o. The general ellipse
equation (1) is evaluated at z=o:
Y %° & 2o xx' + B %1% = ¢ (41)

o} o) 0
evaluating the ellipse equations at z, and z_ and using the egqua-
tions (23) and (10) for B(z) we obtain

2 2 2 2

. xo - 2aO€L+ + 0 L

¥
It

(h2)

”
H
=
+
o]
o™
m
-
I
+
@
[

from these 2 eguations we can deduct @ and a ¢ (x = % is
m 0 m o]

already known from the measurement) and we obtaln
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\
2 &) §
@ = + + —
L L Ly
n, 1 fo_ L ¢y (L3)
a = -g € = = b, -~ —- } )
o B(L_,,LT + 7 T L
v
r z siny = —
12 X~ X0
mm
€ = x_ ©O_ cosy = ngg 0 . &2
m m m “m
r

where we have used the abreviations

1
>
1
"

(&a)

For consistent measurements Isinxl cannot be bigger than one.

The waist X, = e/8  1s at z=S with 8 = *m sinyx from (11):
5m

i L_2b+ - L+2b-—
2

. Lody o+ L,b_

(45)

Tomcgraphic methods have been developpedlo, which allow even a
reconstructicon of the phase space density Y(x,x‘) from 3 profile
measurements. In this iterative scheme the beam parameter (43)
can be conveniently used for an initial guess of the particle
distribution. Tt has been shown 11, that optimal results are
obtained if the middle profile is at the waist position and the
other profiles are measured at a distance lzf?-sw = {? X;VE from
the waist, where the beam amplitude has exactly doubled. This
corresponds to three projections at 120° intervals of a circle

in normalized phase space.
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AFPENDIX

RMS-ellipses for some specific particle distributions

In order to get some feeling for the RMS-ellipse we show exam-
ples of typlcal particle distributicns and their corresponding

ellipses, calculated from eqg. (35).

1. Uniform phase space density inside a given ellipse

g ?Ex,x']=con5t.

m The RMS-ellipse corresponds

\\ <<>\ X exactly to the circumscribing
Qxbb*\\ Xen o ellipse, due to the factor 2 in

the definition of Xm and @m in
(35).

RM3S-ellipse

This density distribution is obtained by projecting a uni-

formly populated four-dimensional ellipscidal shelll2 into

the subspace (x,x').

2. Hollow beam, p(x,x') = 0 except on a ring
/

p% ring of particles

“gm RMS-ellipse

[ Oy x_ = /2 x
m
o = V/Z 0

X m r
X X, v £ :Xmm:2xrer
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3. S-shaped beam

Due to aberrations one can obtain beams with an S-shaped

distribution in phase space. Exaggerated it could look

like this:
t
4 x AMS-ellipse
6%-- particles one obtains:
6,
£ ' W = @X A" .8 X
m EF_S 3
§
\ X O = g——6-@ v 1.6 S
! m 3 s 8
++ >
XMXS 12 = Sil’])( = -75
e = x. 0 cosy = ZE‘X S
mom 3 88

In both examples 2 and 3 the RMS~emittance me 1s not zero,

although the area occupled by the beam is zero.

" '
b, Superparticles'

A x
BMS-ellipse
-superparticle
. ™
x
) . . >




KATEGORIE: ORDNUNGS-NR. SEITENR. von TOTAL
[[ Bahntheorie TM-11-14 17 31

TITEL: Repressntation of beam ellipses | NaMeE: W. Joho/KIP

for Transport calculations

DATUM: §.5.1978*

5. Two-dimensional Gaussian function

2 2
1 1 101 x x!
p(x,x') = exp | =2 + = ) (A.1)
vewm o v2m ol 2 02 0'2

where we assumed that the beam i1s examined at a walst with
no coupling term xx' present. Otherwise we can always bring
p intc the above form by a transtormation & la (28).

The beam profile f(x) is given by:

1 1 2
fix) = Ip(x,x’)dx' = — exp (—§ %) (A.2)

8)

with a FWHM~valuel of: F = v8 1n 2 0o = 2.35 ¢
normalization: Ir p(x,x')dxdx':szﬂx)dx =1 (A.3)

The second moments are given by:

x2 = 02, x’2 = 6‘2 (A.0)

The RMS-~ellipse is thus defined by

X, = 2g = LN
Om =z 2¢'! (A.5)
x =0
€ = x 0 = 4go!
m m

The fraction g of the beam which is contained between the

values X and +xm is given by

X +2c
1 4 X2
{. f{x)dx = exp (— > ——-)dX = q (A.6)
-% VT g 2
-2c C
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From integration tables we obtain the result g = .G54

It is also interesting to
is lying outside an ellip
by

ol ™

For this purpose we have

(R

The result 1is

2

1 X
_§+
a

2noo!

nof ks

£
- _ p = -
b = exp ( PET A ) exp (
putting €, = & gives p =

P
dimensional Gaussian dist

tained in the RMS-ellipse

Binomial distribution

know what fraction p of the beam
2

se of area me, m-go'a” and given

= a (A.T7)
to solve the integral
x'2
— dxdx' = 1-p (A.83)
d'

2e

2 (A.9)

€

.14, which means that for a two-

86 % of the beam is con-

j

ribution

of area Te meldoo.
. . ;
( 3%‘7/0 \M%"\C\Q. ||OGCQ

) — =~ !
A%, twpidp Te3HIT

This distribution has some interesting properties:

the general case is char
m > 0 and includes the
the parabolic distribut
(KV)and

limiting cases m + 0 an

distribution!?

for a finite m the dist
there are no particles
The advantage agalinst a

for m > 2 the beam prof

acterised by a single parameter

waterbag model (uniform density),

ion ete. The Kapchinsky-Vladimirsky-

the Gaussian distribution are the

d m + « respectively.

ribution has a finite range, i.e.

oubtside a given limiting ellipse.
truncated Gaussian e.g. is, that

ile has a continous derivative.
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- projection of a binomial distribution in N~dimensional
space into the (N-1)-dimensional space increases the para-
meter m by 0.5. This means that the distribution remains
binomial under projectlion. In principle a specific distri-
bution can be obtained by a series of projections of an

inital K-V-distribution ( for m = half integer).

To simplify the calculations we work with the dimensionless

cartesian coordinates (u,v) or the polar coordinates (a, ¢):

o
1

a cos ¢, v = a sin ¢

- 2 2
ar = urv (A.10)

The phase space density p{u,v) 1s assumed to be rotationally

symmetric and to have a binomial form

olu,v) = % (1-a2)m_1 for a g1
(A.11)
= 0 for a z 1
The distribution is normalized:
ar 1
STelu,v)dudv = Sfp(a)adads =1 (A.12)
00

This phase space density p(u,v) 1s analogous to the form

£(H) n B (Ho-H)"TE for H

N
T

(A.13)
= 0 for H > Hg
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used by W. Lysenko!?® from LAMPF for space charge calculations
in Linacs. H 1s the Hamiltonian which for linear forces is
quadratic in all variables and has thus the same form as a?.
The case n » 0 gives f(H)} = §(H-Hy) and is called microcano-
nical or KV-distribution. The case n > @ gives f(H) =

exp (=H/Hgy) and is ecalled canonical or Maxwell distribution.
We have introduced the parameter m for the two dimensional
distribution in order to distinguish i1t from n in the

Hamiltonian, which can be of higher dimension.

The connection between the dimensicniess variables (u,v)

and the real phase space varlables (X,X') is given by

X = x -u = X, a cos ¢
IR ) o . (A.14)
¥ = X (u 8in x¥ + v cos x)= X, a sin(¢+y)
where
X, = m;1~ Xy = V2(m+1) g = limiting amplitude
(A.15)
X, = §%£~ O = UE(m+1) ¢ = limiting divergence

The RM3-ellipse is characterized by xp=20, Gm:2d and y as
given in (35). The limiting beam ellipse is characterized

by x,, xi and yx corresponding tc a = 1. The beam profile

iz given by the projection of p cntou or x:

foo \1-u?
flu) = f plu,vidv =

- 00

;o(i-uz-v )" gy (A.16)

1-u?

I3[

with the substitution v= Yi-u? sin o one obtains

m

Plu) = = Igm—l‘ (1_u2)m‘]/2

(A.17)
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Thus f(u) has the same form as p(a) in (A.211) with the

exponent increased by .5. The normalization constant Iy
is given by

+g +1 k-1

Iy = f cosKudu = f (1-v?) dv (A.18)
_r -1
2

and cbeys the recurrence relation:

Ix = E—TETI = = Ig-2 {(A.19)

The first few constants are

for K even 3 for K odad:
I = I, = 2
In = mw-1/2 Iz = 2-2/3
1-3 2.4

= . = 2 * ———
Iy il Ry I5 3T
. - .o 1.3 K-1 : _ . 2.4 i K-1
Iy = = S Ot T Iy, = 2 ?;?; <

Equation (A.19) allows to rewrite the profile f£(u) in
(A.17) as:

{u)

1]
—
e
|

e
&

(A.20)

1
[an]
-
O
H
e
v
’_\

+ oo
with the normalization J f{uj)du = 1

—0
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The profile f(u) is defined even for m = 0, although the
original density p (u,v) in (A.11) is not defined for this
case. The corresponding density p,(u,v) whose projection is
f(u) for m = 0 is given by:

palu,v) = % §(1-a?) (A.21)

2
The variances o?and ¢ for the general case are:

2

o X
L
g2z x? = XLZ fuzf(u)du = m
- . (A.22)
o T T
- 2{m+1)

This result has already been anticipated in (A.15) - Again we
would like to know what fraction p of the beam is lying
outgide a certain ellipse given by a = const. in (A.14).

We obtain

2m a -
1-p = J [ pla )a da d¢ = 1- (1-a?)
0o o
(A.23)
or p = (1~22)™
Since the emittance area of this ellipse is
TEp = M XLX£ a? cos x (A.24)
and the RMS-emittance area 1is
- B S ! (A.25)
TE =  TMXyp B cos x = Te+1 *L¥L COS X 2D
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we can write

£
- a2E%l and rewrite (A.23) as:

T

p (&) = (1 -2 &))" (A.26)

In the 1limit m » « we have

p (&) » exp (-28) (4.27)

which is the same value as for the Gaussian in (A.9). This
indicates that for m » « the bincmial distribution converges
toward the 2-dimensional Gaussian with x, and xi becoming
infinite. In this case we have to take the standard deviations
o and ¢ as normalization units for amplitude and divergence.
If T is the full width half maximum value (=FWHM) of the
binomial, then I'/o converges with increasing m towards the
value JélnE ,» the same wvalue as for a Gaussian. The advantage
of the binomial against the Gaussian is that x and x have
upper bounds.

Fig. 5 shows 3 typical profiles for m = 1.5 (parabolic profile
m= 3 and m = » (Gaussian), all having the same amplitude

Xm= 20. The figure suggests a qulick recipe to estimate the
RMS3-amplitude xy = 20 by inspection:

If a beam profile locks approximately binomial (with m > 1.5)
the amplitude where the intensity drops to the 15 % level
is approximately Xy » rather independent of m.

Curves 1n p versus Ep/€ constructed from (A.26) and (A.27)

are shown in Fig. 6 for different values of m. It is very
convenient to display the result of beam emittance measurement
in such a plot, since a Gaussian distribution leads to a
stralght line. Binomial c¢r other non Gaussian distributions
can easlily be identified in the beam tall regicn. Fig. ©

shows that the definition of a EMS-ellipse from the ampli-
tudes x, = 20 is a reascnable checice, since the fraction of
particles p{(€) outside the RMS-emittance 7n&, given by (A.26)
as

m—1
p(&') = (m) (A.Eg)
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is rather insensitive to m-values over 2 and approaches
13.5% for the Gaussian {see table 2). A closer analysis
shows that the definition %, = 1.80 leads to an emittance
containing about 80% of the beam, even less dependent on m.
But we will stick to the convential choice of xp=2c. Table 2
shows a summary of some parameters for different binomial
phase space distributions p{u,v) and their projected profiles
(u). It displays nicely the feature, that projection keeps
the binomial form invariant. As an example how a given bino-
mial distribution is obtained from projections we consider
the case of a uniformly filled sphere in 5-dimensicnal

rhase space (x1, .... X§), which in turn is obtained from an
8-dimensional KV- or $§-distribution.

&
sphere: b Xi2 g1
i=1
_ 6

Pe(Xq,.005%6) = =T

12 .5
p5(xX15-..5%5) = =% (1-x4%=...=x5%)
oulxq,.e.sxy) = %T (1~x12—x22—X32—x42)

t.5

p5(x1,x2,X3) = %y (1—X12*X22“X32)
po(xg,x0) = % (1-x,2~xp2)2
pi(xi) = _%,% (1_}(12)2'5
Py = 1

This case is ldentified with m = 3 from table 2 and is quite
representative of typical beam profiles. The relation between
a general binomial with parameter m and the dimension N of

the uniform sphere 1s N=2m. The dimension of the corresponding
K=V-distribution is N+2.
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MONTE CARLO METEOD FOR GENERATING A BINCMIAL DISTRIBUTION

To generate a random distribution p(x,x’) obeying (A.11)

cne has to "invert" the binomial distribution. The key to
this solution 1s (A.23) where we sclve for a(l-p).The result
is the following algorithm:

1) Specify the RMS-ellipse with Xms 9, and x and choose the
parameter m (>0) of the binomial p(x,x').

2) Calculate the limiting amplitude and divergence XTI, 5 XL

_ 1 0 ymt+d
AL T ¥ 73 *m > XI, = 5~ ®m

3) Choose random numbers S1, So (0 # 1) and build

1/m
a = 1—81

o = 2m 8o

u = a cos o

v o= a sin «o

X = Xyp, U

x' = xi (u sin ¥ + v cos x)

43  plot (x,xi) and repeat 3) for next pecint

[
For a Gaussilan (m = «) we replace the formula for a,x,x by:

= —g' V-1n s, , (8;%0)

X = Xp U
x = 8y (usin x + v cos x)
Fig. 7 shows plots for binomial distributions for the cases

m= .5, 1, 3 and «, all having the same RMS-~ellipse for
1000 particles,
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Summary of sllipse parameter
given parametric Courant-Snyded Complex
Xms Oms X o, B, ¥, € R, S, €
) .
£ = xpfmcosy By -~ o = 1 Y = R+iS={y] e X
wanted rip = siny y~1 =z U+iv
e z 2
Xm = max. ampll Xm {ep {%1VR +5 =0 Y|
£
Om = max. div. m qEY’ ﬁ;
-1 tan~1 2 = arg(Y)
X X -tan”a an B T arz
S
Qo -tany ) o B
X . X s 1 2
emCUSX :: R+ﬁ = 'F_Q- IYI
Y Sm . 8m Y 1
XmCosY € R
R:ra§io of mgin Padi cosy 1 R
axis at waislt Om Y
S = distance XM gin _ o S
from waist Om X Y
Xm gix 1
Y = R + i8S 8 Y (1-ia) Y
. E
Xw = WEIS? XmMCosY ~ {E?
amplitudd
Def. of x = 0 a=0 s =4
waist
divergent O<y <800 -o<g <y 0<S<e
beam
. - 2 2
ellipse X=X cosd Yx“+20xx'+Bx'T = ¢
equation
. .
re —@ms1n(6+x)
{(0g68<2w)

Table 1
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